In this paper, we study the symmetric solutions of second-order BVP with integral boundary conditions. By using a generalized Leggett-Williams fixed point theorem and some other techniques, we obtain sufficient conditions for the existence of symmetric positive solutions for the system. Meanwhile, an example is devoted to demonstrate our results in the end.
Introduction
With the development of science and technology, boundary value problems have acquired more attention in these years. Many methods are used to solve this kind of problems, such as fixed point theorems, coincidence degree theory, iterative method with upper and lower solutions, etc. Readers can see [-] for details.
However, the past researches focus on the existence of positive solution, periodic solution, uniqueness, etc. By applying the Krasnoselskii fixed point theorem, they obtained the existence of positive solutions of the system. After Hayasida [] drew some interesting results about symmetric positive solutions for a kind of BVP, several papers concerned about the subject with the same method; see [-] . Inspired by them, we consider a similar problem for the following system: Abdulkadir [] studied the case a = b = ,  ,  ≡  and drew some conclusions by using a generalization of the Leggett-Williams fixed point theorem. Obviously, the general case is much complicated. In this paper, we generalize the corresponding results.
The structure of this paper is as follows. In Section  and Section , we introduce the Leggett-Williams fixed point theorem, some definitions, and some lemmas. In particular, we deduce system () and some properties of the Green function, which will be used to prove the main results. Section  is devoted to developing the main results, which will be stated in detail. Finally, an example is included to display the main results.
Preliminaries
In this section, we give some definitions and the fixed point theorem that will be used in this paper.
Definition  Let E be a real Banach space. A nonempty, closed, and convex set P ⊂ E is a cone if the following two conditions are satisfied:
(i) if x ∈ P and μ ≥ , then μx ∈ P;
(ii) if x ∈ P and -x ∈ P, then x = .
Every cone P ⊂ E induces the ordering in E given by x  ≤ x  if and only if x  -x  ∈ P.
Definition  A map α is called a nonnegative continuous convex functional on a cone P in a real Banach space E if α : P → [, +∞) is continuous and
for all x  , x  ∈ P and  ≤ λ ≤ . Likewise, we know the map β is a nonnegative continuous concave functional on a cone P in a real Banach space E if β : P → [, +∞) is continuous and
for all x  , x  ∈ P and  ≤ λ ≤ .
We denote E = C(I), I = [, ], with the maximum norm, and for all  < t ≤   , we define the cone P ⊂ E by P = u ∈ E : u(t) is concave, symmetric, and nonnegative-valued on I, and min
Theorem  (Leggett-Williams fixed-point theorem []) Let P ⊂ E be a cone in a real
Banach space E. Let l >  and N > , let β and χ be nonnegative continuous concave functionals on P, and let ζ , α, and ρ be nonnegative continuous convex functionals on P with
is a completely continuous operator and that there exist numbers h
Then there exist at least three fixed points u
Thereinto, some sets are as follows:
Many other functionals on the cone P are defined by
where t  , t  , and ω are nonnegative numbers such that
It is clear that, for all u ∈ P,
Throughout the paper, we suppose that the following two conditions hold. 
Some lemmas
In order to get the main results, we consider the following linear system: 
G(t, s)h(s) ds
+ a + t  + a -b    (s)σ  (s) ds - b - + t  + a -b    (s)σ  (s) ds,()
where G(t, s) is given by G(t, s)
Here G(t, s) is Green's function of (), which has the following different properties:
Define the linear operator B :
Lemma  If (H  ) and (H  ) are satisfied, then the operator B has the following properties: (i) B is a bounded linear operator, B(P)
By using (H  ) and ϕ(t, s) ≤ M we have that
we can obtain the following inequalities:
Then, B(P) ⊂ P. (ii) To prove that (I -B) is invertible, we just need to show that  is not an eigenvalue of B.
Since M < , Bu ≤ M u , and thus sup u =
Bu B
≤ M < .
Besides, if we suppose that  is an eigenvalue of B, then there is u ∈ C(I) such that Bu = u. Moreover, we can obtain that Bu B = . So B ≥ . Thus, this assumption is false, so that  is not an eigenvalue of B and, equivalently, (I -B) is invertible. (iii) To obtain the expression for (I -B) - , we make use of the theory of Fredholm integral equations.
. We obtain
By using successive substitutions in (), the condition M <  implies that  is not an eigenvalue of the kernel ϕ
(t, s). So () has a unique continuous solution u(t) for every continuous function x(t).
By successive substitutions in () we get
where the kernel K(t, s) is given by s) ds, j = , , . . . , and ϕ  (t, s) = ϕ(t, s). Because |ϕ(t, s)| ≤ M < , the series on the right in () is convergent. It can be easily verified that
. So we can get
Therefore,
so that
Thus,
The proof of the lemma is over.
Lemma  A function u(t) ∈ P is a solution of () if and only if
Define the nonlinear operator T :
From () we obtain another form of u(t),
By Lemma , () is equivalent to
Hence, we construct a composite operator :
Lemma  If u(t) of () is a cone in P and is as in (), then : P → P.
Proof By the above lemmas we easily get
First, we will verify the conditions of cone P,
, that is, u(t) is symmetric. This means that u(t) ∈ P, and so : P → P.
Main results
To show our main result, we first assume that the following condition is established:
Theorem  Suppose that f satisfies (H  ). Let real constants p > , q > , and l >  be such that  < p < q ≤ lt  t 
. Then system () has three symmetric positive solutions u  (t), u  (t), and u  (t) satisfying 
G( t, s) ds

